(In) finite extensions of algebras from their Inonii-Wigner contractions 
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The way to obtain massive non-relativistic states from the Poincare algebra is twofold. First, 
following Inonii and Wigner the Poincare algebra has to be contracted to the Galilean one. Second, 
the Galilean algebra is to be extended to include the central mass operator. We show that the 
central extension might be properly encoded in the non-relativistic contraction. In fact, any Inonii- 
Wigner contraction of one algebra to another, corresponds to an infinite tower of abelian extensions 
of the latter. The proposed method is straightforward and holds for both central and non-central 
extensions. Apart from the Bargmann (non-zero mass) extension of the Galilean algebra, our list of 
examples includes the Weyl algebra obtained from an extension of the contracted SO (3) algebra, the 
CarroUian (ultra-relativistic) contraction of the Poincare algebra, the exotic Newton-Hooke algebra 
and some others. 

The paper is dedicated to the memory of Laurent Houart (1967-2011). 
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1. INTRODUCTION 

The inonii- Wigner contraction (IW) [l| (see [1| for the 
generalizations) plays a very important role in physics. 
To see the most basic example of the contraction, start 
with the iS'0(3) algebra of 3c? rotations. The algebra con- 
sists of three operators Ji satisfying the commutator re- 
lations: 

[J2,J3]^iJi,[J2:Jii]^iJi and [Ji, J2\ = ih ■ (1) 
Rescaling the operators Ji and J2: 

Ji=\,1 — Ji=\.2l <^ J3 — 'h (2) 

and taking the ct — limit one ends up with a new 
algebra: 

[J2,J:i\^i'h,['h,Ji]=iJ2 and [Ji, J2] = , (3) 

which is the algebra of ISO{2), the group of the 
isometrics, where Ji_2 and J3 are the translations and 
the rotation respectively. One can think of this contrac- 
tion as of taking to infinity the radius of the 2-sphere, 
while zooming near a point on it. 

Probably the most famous physical application of 
the IW contraction is the non-relativistic limit of the 
Poincare algebra. As we will briefly review in the paper, 
the contraction parameter is the speed of light c and the 
rescaled operators are the time translation (the Hamil- 
tonian) and the boosts. By the construction, however, 
the c — 00 limit leads to the Galilean algebra, which has 
exactly the same number of generators as the original 
Poincare algebra. For physical applications, though, it 



is necessarily to centrally extend the non-relativistic al- 
gebra by including the mass parameter M. The M ^ 
version of the Galilean algebra is commonly known as the 
Bargmann algebra Q. 

In fact, the Poincare algebra is itself a contraction 
of the de Sitter algebra SO{A,l), where the contrac- 
tion parameter now is the cosmological constant A. As 
was shown 4] by Bacry and Levy-Leblond in 1967, un- 
der some physical assumptions (like parity, time-reversal, 
etc.) the full list of possible kinematic groups consists of 
the (anti) de Sitter groups and their IW contractions. For 
example, one of the possibilities is the (c. A) — )• (cx), 0) 
contraction of the de Sitter algebra with the parame- 
ter uj = ca/A kept fixed. The contraction produces the 
so-called Newton-Hooke (NH) algebra, which further re- 
duces to the Galilean algebra for cj — 0. One can also 
take the ultra-relativistic (c — >■ 0) limit of the Poincare 
algebra arriving at the Carrollian algebra [^,@|, the much 
less studied counterpart of the Galilean algebra. 

In quantum mechanics we are interested in general in 
projective representations of groups. On the other hand, 
a projective representation of a group G is essentially 
equivalent to a regular representation of the central ex- 
tension of G. For this reason central extensions are of 
special importance in quantum physics. The canonical 
(and the simplest) example is the Weyl algebra: 



[q,p] = ih. 



(4) 



Unlike the Galilean group, both the Poincare algebra 
has no central extensions except for the two dimensional 
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case.^ This can be seen from the group cohomology ar- 
guments (see [1] for a detailed review). These groups, al- 
though, still have plenty of non-central extensions, some 
of which are interesting from the physical point of view, 
e.g. the Maxwell algebra [1, [l^I, a specific non-central 
extension of the Poincare algebra. 

The main goal of this paper is to show that starting 
from an IW contraction one can straightforwardly find an 
extension of the contracted algebra. Although the pro- 
posed procedure explicitly yields an infinite extension, it 
can be easily truncated at any level. It works both for 
central and non-central extensions, and we find a crite- 
rion for an extension to be central. 

Our first example is a IW contraction of SO{3) given 
by the rescaling: 

Ji,2/<y^ •h^.h/cT\ (5) 

For cr — > we find an abelian algebra (all the commuta- 
tors vanish) , but as we demonstrate in the paper the first 
level extension dictated by this contraction reproduces 
the central extension of the Weyl algebra. The higher 
level extensions, however, are not anymore central. 

The organization of the paper is as follows. In the next 
section we present our method for constructing algebra 
extensions from its Inonii-Wigner contraction. We then 
describe various applications, like the non-central exten- 
sion of the Poincare algebra from the de Sitter algebra 
contraction, the Galilean and the Carrollian contractions 
of the Poincare algebra and the exotic extension of the 
Galilean and the NH algebra. We end up with a short 
list of open questions. 



2. THE METHOD 

2.1. Lie algebra bundles 

For our construction we will need the notion of bundles 
of Lie algebras [ll| (see also for a pedagogical intro- 
duction). A Lie algebra bundle (Lie bundle for short) 
is a vector bundle for which each fiber has a smoothly 
varying Lie algebra structure.^ More explicitly, the vec- 
tor bundle {£ , tt, S) should be equipped with a morphism 
: £ ^ £ ^ £ , which induces a Lie algebra structure on 
each fiber f^. Here £ is the total space, tt is the projec- 
tion map and cr is a point on the base S. This definition 
is sometimes called in the literature a weak Lie algebra 



^ The Galilean and the NH algebra have an additional, the so 
called exotic, central extension in 2 -|- 1 dimensions Q as we will 
describe in the paper. 

^ We will deal exclusively with Lie algebras and not with Lie 
groups. Let us only notice here that every bundle of Lie groups 
defines a bundle of Lie algebras, and every bundle of algebras can 
be integrated to a bundle of groups. The group bundle, however, 
is not necessarily Hausdorf (see [l2j). 



bundle, in contrast to the strong one which requires also 
local triviality of the Lie structure. It means that for any 
a E S there exists a neighborhood Ua of cr, a Lie alge- 
bra g and a morphism cf) : g x ~> TT^^{Ua) such that 
(j>\^, : g — >■ 7r~"'^(cr') is a Lie algebra isomorphism for each 
a' E Ua. We will refer to as a Lie bundle trivialization. 
If <j) extends to the entire base, the Lie algebra bundle 
will be called trivial. 

Next, let us restrict our attention to weak Lie bundles, 
where the base S is just an affine line'^ . In this case 
any Lie algebra bundle will be trivial as a vector bundle, 
but not necessarily so from the Lie algebra point of view. 
The Lie algebra g at any fiber is the same as a vector 
space, but its brackets are in general cr-dependent. If a* 
arc the generators of g and af = (oi, a) denotes a point 
on the Lie bundle, then the most general form of the 
commutators is: 

K,aJ] =/5(^)<, (6) 

where fjj{<7) are some smooth functions. 

Let us consider the following example. Assume that i 
runs from 1 to 3 and: 

If /(cr) 7^ for any cr e M^, then the Lie bundle is trivial 
(namely strong) with the trivialization (j) given by: 

cp{a,,a)^^ (8) 

and Qi's identified with the SO{3) generators Ji's. On 
the other hand, the Lie bundle will be non-trivial^ (weak 
but not strong) if /(erg) ~ for some ctq e M^, since in 
this case cj) is ill-defined for a = ao. We still, however, 
can claim that the Lie bundle is trivial everywhere except 
at cr = ctq. 

Similarly we can see the rescaling ([2]) as a trivialization 
map for the Lie algebra bundle given by: 

[J2,J3]^'i-Jl,[J3,Jl]=iJ2 and [Ji, J2] = cr^ J3 ■ 

(9) 

At cr = the trivialization map is singular and the Lie 
algebra structure reduces to ([3]), but at any other point 
the algebra is isomorphic to 5*0 (3). 

2.2. The Inonii-Wigner bundle 

We are now in a position to define the main ingredient 
of our construction. 

Definition. The Inonii-Wigner (IW) bundle of a Lie 
algebra g is a (weak) Lie algebra bundle over an affine 



^ Our discussion can be easily generalized to complex numbers. 
* If the base space is local triviality implies also global triviality. 
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line M.^ , such that its restriction to R^\{0} is a trivial 
bundle gxR^\{0}. 

Prom the above discussion the Lie bundle defined by 
([9|) and ([7]) are examples of IW bundles. The latter is 
non-trivial if and only ii f{0) — 0. 

As yet another example consider the following IW Lie 
algebra bundle^ : 



Upon using the trivialization map: 



(10) 



'^(•^1,2, cr) 



and (/)(J3,(t) 



(11) 



we find that for a ^ the algebra is isomorphic to 50(3). 
We see that the trivialization morphism (f> is actually the 
rescaling of the generators in ([5]). The fact that 4> fails 
to be an isomorphism at ct = indicates that we find a 
new algebra at this point. 



2.3. The extensions 







Our goal in this subsection is to explore the a 
limit. 

Let g stand for a vector space of smooth sections of an 
IW bundle of an algebra g. Again, as a vector space g is 
the same all over the base (and so we drop here the a- 
index), but its commutators are not. The (infinite) vector 
space of smooth sections g is spanned by the vectors CT"ai, 
where ai € g and n ^ 0. Moreover, this vector space is 
a Lie algebra by its own right, since we can multiply the 
sections pointwise. Sections vanishing at cr = is an 
ideal of this algebra. This ideal is erg. 

The classical IW algebra is the quotient: 



00 = o/c^fl ■ 



(12) 



To arrive at this algebra it is enough to directly take the 
cr ^ limit. Notice that go and g are identical as vector 
spaces, but not as Lie algebras. For (ITUl) the algebra go is 
an abelian algebra of Ji, J2 and J3. Similarly, the scaling 
© leads to the ISO{2) algebra. 

Up to this point, the cr — contraction is identical to 
the original Inonii and Wigner prescription. We, how- 
ever, don't want to stop here. Notice that cr"g is an ideal 
of g for any n ^ 1. The semi- classical IW algebra is 
defined by: 



01 = 0/0-^0 • 



(13) 



^ The form of the commutators in mOII suggests an analogy with 
loop algebras. The similarity is, however, illusive, since the pa- 
rameter a takes values in M} and not in and, even more 
importantly, for the loop algebra construction, the Lie algebra 
necessarily remains the same all over the loop, while in our case, 
a new algebra emerges at cr = 0. 



The algebra gi has twice more generators than go, but 
it might happen that some of these new generators form 
an ideal and can be quotiented out. For the IW bundle 
defined by pUj) let us introduce jf^ = Ji and = aJi. 
We find that the semi-classical algebra gi has only one 
non-trivial commutator: 



7(0) t(0) 



(14) 



As was announced in Introduction this is the central ex- 
tension of the Weyl algebra. To be more precise, in order 
to identify gi with the Weyl algebra we have to quotient 

the algebra by its abelian ideal J]^\ '^2^''|- 

We can easily repeat this procedure for any n. Clearly, 
the new algebra will have n times more generators than 
the original algebra. For the IW bundle in (jTU]) the n 
level algebra g„ = 0/cr"+^g is (here J^""^ stands for cr" 



and J,, 



(«) 



for negative n) 



j{n) j(m) 



= iJl 



(n+m— 3) 



(n) j{m) 



'J3 : 'Jl 



= ij. 



(n+m— 3) 



j{n) j{m) 



iJ. 



(n+m-l) 



(15) 



with all the other commutators vanishing. One may ar- 
gue that the output algebra is not particularly interest- 
ing. The situation changes drastically, however, for a 
more sophisticated trivialization (rescaling) than the 
one in (fTTj) . 

Before concluding this section, let us discuss how our 
semi-classical extension gi may lead to a central exten- 
sion of the go algebra. To this end it is worth recalling 
the rigorous definition of a (not necessarily central) ex- 
tension. An algebra a' is called an extension of a by 
an ideal n, if a is isomorphic to the quotient a'/n. This 
definition can be shortly summarized with the following 
short exact sequence: 







0. 



(16) 



If n is also inside the center of a', then the extension is 
called central. 

Consider the quotient n = crg/cr^g — aQi. Obviously, 
n is an ideal of gi. Moreover, n is an abelian ideal and 
is isomorphic^ to (0o)aboiian- ^''-^^ level extension is 
actually given by the following exact sequence: 







01 



00 ^ 0. 



(17) 



Since n is by construction abelian, our gi extension is 
always abelian. The ideal n is, however, not necessarily 
inside the center of gi. In fact, n consists of elements 
of the form cra^ and becomes central if and only if go is 



® A Lie algebra gabclian is isomorphic to the algebra g as a vector 
space but all its commutators are vanishing. 
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abelian. This was exactly the case for the IW bundle 
defined by (O, which led to the Weyl algebra 

It seems, therefore, that our construction produces 
central extensions only upon very restricting conditions. 
In particular, it rules out the Bargmann (non-zero mass) 
extension of the Galilean algebra. Luckily, we can slightly 
modify the extension described by ([T7| . 

Assume that mo is an ideal of go . It automatically im- 
plies that 7r~^ (mo) is an ideal of gi , where tt is the projec- 
tion map from p7)) . Furthermore, mi = an~^ (mo) is an 
abelian ideal of gi and the quotient n/mi = crgi/mi is iso- 
morphic to (Oo/iTio) abelian- ^c get the foUowiug abelian 
extension of go^ 



written as: 



— > n/mi — > gi/mi go — ^ . 



(18) 



The above extension is central if and only if go /trio is 
abelian. Indeed, the latter requirement is equivalent to 
the statement that [go, go] C mo. But that means that 
[0ii0i] C TT^^ (mo) and so [crgi,gi] C mi. The latter 
immediately implies that n/mi is central. 

This way the number of the new generators in the ex- 
tended algebra will be smaller than total number of gen- 
erators in g. We will see in the next section that ^TE\\ 
naturally leads to the central (mass) extension of the 
Galilean algebra. 



3. EXAMPLES 

We have already seen how the central extension of the 
Weyl algebra emerges from the 5*0(3) contraction. In 
the rest of the paper we will see other applications of the 
proposed extension method. 



3.1. The non-central extensions of the Poincare 
algebra from the de Sitter algebra contraction 

In d space-time dimensions the commutators of the 
de Sitter and the anti de Sitter algebras {SO{d, 1) and 
50(^-1,2)) are: 



Vp-xM^p + -q^pM^x - (A O p) 



= eM, 



(19) 



Here rj = diag (— 1, 1, . . . , 1) and e = 1, — 1 for the de 
Sitter and the anti de Sitter algebra respectively. 

We are interested in the zero cosmological constant 
limit, A — 0, of the (anti) de Sitter algebra. As such the 
algebra (1191) is A- independent, so we have to properly 
rescale the operators introducing A into the commuta- 
tors. The new A-dependent algebra will be isomorphic 
to the original one for any A except for A = 0, where it 
should reduce to the Poincare algebra. The right rescal- 
ing of the generators is, in fact, well known in the liter- 
ature. The metric on the (anti) de Sitter space can be 



,2 _ p2 Vt^udy^dy" 



(20) 



where = r^p^vy^y^ and R = A"^/^ is the (anti) de 
Sitter radius. In terms of these coordinates the isometry 
generators are: 

A 9 X d 

Mp, = rj.xy - W , 

In the limit (i?, y^) — >• (oo, 0) with x^^ — R-y^^ kept fixed, 
the metric (|20p reduces to the Minkowski metric, while 
the leading scaling behavior of the generators ([32|) is: 



Mpi, , Pp 



R-Pu 



(22) 



It may be also interesting to see the limit in terms of the 
(C^;^'') coordinates used for the (anti) de Sitter space 
embedding in M*^'^: 

^"^P + eieT = eR\ (23) 
These coordinates are related to y^'s by: 



^'^ 1 - ey^/A 



R 1 + ey^/A' R 1 + sy'^/A' 



(24) 



In the Poincare limit this reduces to (C'^,^'*) = {x^,R) 
and so, analogously to the 50(3) example in the first 
paragraph of Introduction, the limit corresponds to the 
zooming around the ^'^ = R point of the (anti) de Sitter 
space. 

With this rescaling we find the following IW bundle: 



(25) 



where the affine parameter a is just the cosmological con- 
stant a = R^^ = A and we left out the commutators from 
the first two lines in (|19p since they remain completely 
CT-independent. 

As expected, the "classical" go algebra is precisely the 
Poincare algebra: 



[p;^'\pr] 



= ripxP';' - 
= 0. 



permutations , 



(26) 



The next level "semi-classical" algebra gi includes also 

the operators M^^j = crMp^ and P^^ — a Pp. Notice, 

however, that the translations P'°' form an ideal of the 

p 

Poincare algebra go- We therefore can use the modi- 
fied exact sequence (fT5|) with mo being the subalgebra of 
translations P^°^ , so that the extension will include only 
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the M^^j generators and not ^^^^''s. Defining Z^^y = ^^/it' 
we arrive at the Maxwell algebra: 

[P;°',Pr] - Zp,, (27) 

with the first two commutators in (j26p remaining intact. 
The extension is non-central since Zpi, does not commute 
with the Lorentz generators. It becomes a scalar only for 
d = 2. Following the recipe from the previous section we 
can extend the algebra to higher levels. The commuta- 
tors between Zp^^s become non-trivial already at the g2 
algebra: 



scalar. The differential representation of the operators in 
terms of the Minkowskian coordinates is: 



P, = 



d_ 

d 



H ^ 



(32) 



The non-relativistic limit corresponds to c, a;*^ — ^ cxd with 
t — x°/c held fixed. The Poincare algebra generators 
scale in this limit as: 

J^J, B^cB, P^P, H^—. (33) 

c 



[Zpy,Zxp] = ripxYyp + r^ypYpx ~ rippY^x - V^\Ypp , (28) This rescaling leads to the following IW bundle: 



where Yp^ = M/^^j = cj'^Mp^ and: 



rp(o) p(i)i _ Y 



For similar extensions of the Maxwell algebra recently 
studied in the literature see [11], [13] j ci^d (l6j . 

Before ending this section let us remark that the de 
Sitter algebra (IT9l) permits an additional, infinite cosmo- 
logical constant limit [Ol ■ For fixed x^ — R-y'^ but with 
{R,y^) — ?> (0, oo) the momenta scale like Pp — ^ Pp/R- 
The contracted algebra is equivalent to the Poincare but 
its physical meaning is different, since the Pp^'s now are 
special conformal transformations and not translations. 



3.2. The Galilean contraction of the Poincare 
algebra 

Our next example is the non-relativistic contraction of 
the Poincare algebra. 

In d space-time dimensions the Poincare algebra con- 
sists of^ {d — l){d — 2)/2 space-space rotations 3, d — 1 
boosts B, c? — 1 space translations P and the time trans- 
lation H. In all of the remaining examples but the last 
one we will explicitly consider the d = A case, with a 
straightforward generalization for other dimensions. The 
commutators are^: 

[J,i/]=0, [J,J]=J, [J,B]==B, [J,P] = P (30) 

and: 

[i/,B]=P, [B,B] = -J, [P,B] = if, (31) 

with all other commutators vanishing. The first set of 
the commutators simply implies that B, P and J 
transform as vectors under space rotations, while H is a, 



We will use bold font to indicate 3-dimensional space vectors. 
* Here [A, B] = C is a shorthand notation for {Ai,Bj] = tijhCh 
and [A, B] = C stands for [Ai, Bj] = SijC^. 



[B,B] = -(tJ, [P,B] = <jH, (34) 



(29) where a — c ^ and for simplicity we dropped the a- 



indices. We also left out the ti-independent part of the 
algebra ((30|) . Putting a — m (|34p we of course find the 
Galilean algebra 0o- 

[i/w,B'">] =.P"", [B<°',B<'"] = 0, [P"",B<'"]=0 

(35) 

together with the regular transformations of H^°\ B'°> 
and P*"' under the J'"' rotations. 

As we have already emphasized before the gi extension 
has by construction twice more operators than Qq. The 
new operators are J*^', B<^', P*"^' and H'-'-K In order to 
get the central non-zero mass extension of psp we have 
to use (dH), where the ideal mg is the subalgebra of all 
Galilean rotations, boosts and space translations, namely 
J'">, B"" and PC). This allows us to mode out J<i>, B<i> 
and P<^* from the extended algebra. Denoting AI — 
we find that fli/mi is exactly the Bargmann algebra: 

[^(o)^B(o)] ^ p(o)^ [B<"',B<°'] = 0, [P<">,B<">] = M. 

(36) 

It is noteworthy that one can formally derive the 
Bargmann algebra by plugging H = M/cr+H^°' into ([M)) 
and matching the cr-expansion from the both sides. This 
approach is, however, not rigorously defined and unlike 
our method cannot be used for the next order extension. 



3.3. The Carrollian contraction of the Poincare 
algebra 

The Carrollian contraction of the Poincare algebra (l30l 
[?T|) is given by: 

J^J. B^— , P^P, H ^ —. (37) 
c c 



It naturally follows from the c ^ hmit of (|32]). The IW 
bundle is: 

[H,B]^aP, [B,B] = -crJ, [P,B]^H, (38) 
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where this time a = (? . For cr = we find the CarroUian 
algebra: 

[i/<'",B<°'] = 0, [B"",B<'"] =0, [P<°',B<"'] = i/'"' . 

(39) 

By analogy with the Galilean case we can mode out some 
operators from the next level gi extension. Notice that 
, J'"', B'"' and if'"' form an ideal mo and so we can 
exclude J*^', B'^' and 7?'^' from the gi extension. With 
Z = P<^' the 0i/mi algebra takes the following form: 

[^(0) . B""] = Z, [B<°' , B""] = 0, [P(°' , B<°>] = <°' . 

(40) 

This extension is central only for d — 2 when Z becomes 
a scalar. 

3.4. The exotic Newton-Hooke algebra 

In our discussion of the Galilean algebra extension we 
excluded the operator J'^' from the "semi-classical" alge- 
bra. We did so because this operator is not central in the 
extended 4d Galilean algebra, for it does not commute 
with the J*°' rotations. The situation changes for d = 3, 
since in this case J is a scalar. The d — 3 Galilean algebra 
with the J central extension is known in the literature as 
the exotic Galilean algebra.^ 

Instead of focusing our attention on this algebra let us 
make the discussion a bit more general by starting with 
the Newton-Hooke (NH) contraction. The NH algebra is 
the non-relativistic limit of the de Sitter algebra. To be 
more precisely, one sends both c and R to infinity with 
the parameter cj = c/ R held fixed. 

For d = 3 the dc Sitter algebra is: 

[J,i/]=0, [J,B,]^e,,B,, [J, P,] = e„-P,- (41) 
and: 

[H, B,] = P, , [B,, B,] = J , [P„B,] = S,jH , 
[P,,H] = B,, [P„P,]=e,,J, (42) 

where {H, Pi) — Pfi, Bi — Moi and J = M12. Combining 
the rescalings ((22| and ((33l) : 

J->J, B^^cB^, P^^, (43) 

R cR 

we obtain a new IW bundle with the a = c^^ affine 
parameter: 

[H, B,] = P, , [S„ S,] = -a ■ e,jj, [P„ S,] - g ■ S^jH , 

[P, , H] = u^B, , [P, , Pj] = a ■ w V ^ (44) 

where we omitted again all the commutators with J, be- 
cause they are cr- independent. 

Obviously the boosts B^f^ and the momenta Pj'°' will 
form an ideal of go- Using this ideal for (fT8|) we arrive at 



the exotic 3d Newton-Hooke algebra: 

[i?"",Pr'] =P., [Br\Bf^]^-e.,Z, 
\Pr,B^'>]^S,,M, 

where Z = J<^> and M = H'-^K For w = (j45]) transforms 
into the exotic Galilean algebra. 



4. OPEN QUESTIONS 

In our paper we have shown that given an Inonii- 
Wigner contraction of one algebra to another, one can 
easily find an infinite extension of the latter. The method 
works for both central and non-central extensions and the 
extension may be truncated at any level. 

There are plenty of open problems to be explored. Let 
us list some of them: 

• It is will be interesting to establish a connection 
between our extension approach and the expansion 
method presented in This method is some- 
what similar in spirit to ours. It is based on the 
Maurer-Cartan one-forms expansion in powers of a 
real parameter which is related to the rescaling of 
the Lie group coordinates. Our results should also 
be compared to those of [Tst . 

• It is not clear what is the physical meaning of the 
new (in)finite algebras. In some cases the answer is 
already known. For example, the Maxwell algebra 
(|27)l corresponds to a charged relativistic particle 
moving in a constant electromagnetic field. The 
meaning of the second level extension p8|29|) is 
yet to be understood. 

• Finding irreducible representations of the infinitely 
extended algebras and their truncated versions 
might be a challenging problem. 
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One may also consider a similar exotic central extension of the 
3d CarrolUian algebra. 
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